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Introduction
Membrane distillation is a desalination technology thought to have relatively high fouling resistance in comparison to other membrane-based desalination technologies such as reverse osmosis (RO) [1] . MD relies on evaporation of water from a hot saline feed through a hydrophobic, porous membrane that allows the passage of vapor but not liquid water [2, 3] . The fouling and scaling resistance of MD makes it a promising technology for high salinity applications. MD is especially promising where high osmotic pressure precludes the use of conventional RO, such as in zero liquid discharge systems and for some mining and industrial water treatment [4] . However, the cause of fouling resistance in MD is poorly understood. The literature offers many experimental studies but little fundamental explanation [5] ; however, the hydrophobicity of the membrane is thought to minimize surface crystallization [6] . A fundamental understanding of MD fouling is needed, as is a practical approach to predicting the fouling limits of MD with complex solutions.
Previous studies have shown that MD can withstand significantly supersaturated conditions, and that filtration and membrane superhydrophobicity are the most effective existing methods to enhance the fouling resistance of MD [5, 7] . Numerous pilot studies have found good resistance to fouling, but have documented significant flux decline and membrane wetting when fouling did occur [8, 9, 10] . The inorganic salts most likely to cause scaling in many cases are calcium sulfate and calcium carbonate [11] , which are the found in seawater, groundwater, and mining applications. Resounding evidence shows that filters are extremely effective in reducing fouling-related flux decline [12, 13, 14, 15] and directly observable fouling [5, 16, 17] . Several past studies [7] have found that crystals were only observed when the membrane dried out, not in-situ during normal operation [7, 18] . This is evidenced by the absence of crystals when the system was allowed to drain, even under very saline conditions (e.g., saturation index (SI) between 1.08 and 1.93 on strongly hydrophobic membranes [7] ).
When fouled membranes that had flux decline during operation have been examined, the observed crystals are sparsely scattered over the membrane surface, with many areas remaining free of crystals [6] .
Understanding the effect of surface properties on crystal nucleation is necessary for scaling prediction. As detailed by Warsinger et al. [19] , the Gibbs energy barrier for heterogeneous nucleation on a surface can be expressed as a function of surface energies between the liquid, crystal, and substrate [20, 21] . This energy barrier influences the nucleation induction time, which is the delay before observable nucleation occurs [21] . These surface energies dictate the contact angle on the surface, thus linking hydrophobicity to induction time at the surface [19] . However, past work has shown that crystal nucleation in membrane distillation occurs largely in the bulk feed solution [6] , rather than beginning on the membrane surface as in RO [11] . This difference results from the low surface energy of MD membranes, which are hydrophobic, in contrast to the high surface energy [22] of (hydrophilic) RO membranes [19] .
Modeling scaling in MD is complex because of the fluid flow and gradients in temperature and concentration. While classical nucleation theory has focused on induction time in stagnant, heterogeneous solutions, this time can be compared to the fluid maximum residence time within a region of interest to determine whether bulk nucleation will occur. In the present work, we develop theory based on comparison of induction time and residence time, and we validate the theory with multi-day MD fouling experiments using calcium sulfate. From these results, we create a regime map in terms of temperature, saturation index, flow rate, and channel geometry that outlines safe regimes for fouling-free operation, which is readily usable by industry practitioners (section 4.4).
Theory Development
Fouling can be approached from one of two standpoints: an Eulerian one, in which induction time theory suggests that crystallization at a given location will occur eventually for almost any supersaturated feed, and a Lagrangian approach that follows the solutes, recognizing that they may move through the membrane module without having time to crystallize. In previous induction time experiments [23, 24, 25] , the supersaturated solution is in a closed system, and a model for conditions in a moving fluid was not needed.
Here, we take the Lagrangian approach, and we postulate that fouling will occur when the fluid residence time in the channel exceeds the nucleation time for any precipitate. However, evaluating the exact onset of fouling is not straightforward because both induction time and residence time vary within the channel. The highest residence times occur in the slow-moving boundary layer near the membrane surface ( Fig. 1 ) and vary with distance from the wall. 
Residence Time
Near the channel wall, in the boundary layer, the velocity approaches zero and the residence time (inversely proportional to the velocity) of a fluid parcel in the channel approaches infinity.
However, very close to the channel wall, there are not enough ions to form a stable nucleus of a critical radius. We postulate that a group of ions large enough to form a critical nucleus must all be in residence long enough to allow for nucleation [26] . The number of molecules needed to form a critical nucleus of radius r c is n min :
where V crit is the volume of a critical nucleus, V molecule is the average volume of a salt molecule in solid form, M w is the molar mass, N A is the Avogadro constant, and ρ x is the crystal density. The need for a critical nucleus for crystal growth arises from the high surface free energy per unit volume of small particles, as discussed in [23] .
We assume that the relevant distance z from the channel wall (i.e., the membrane) is very small compared to the thickness of the channel, so that the properties of the fluid (e.g., temperature, concentration) can be considered uniform in the nucleation region and equal to the value at the wall (z=0). A sphere of fluid containing n min molecules in excess of the number that would be present at saturation has a diameter of z min :
Longest residence time in boundary layer Turbulent velocity profile
where C is the concentration near the wall of the crystal-forming molecule in moles per cubic meter and C sat is the saturation concentration at the local temperature. The distance z min from the wall is shown in Fig. 2 . Because enough ions are present locally to form a critical nucleus within a distance of z min from the wall, z min is the distance from the wall at which the residence time (based on the local velocity) will be compared to the nucleation time. The residence time at z min can be computed using existing correlations for Darcy friction factor f d , neglecting any effects of the solvent flux on friction factor due to the high ratio of tangential to normal velocity (order 10 5 ). The pressure drop calculated with the Darcy friction factor can be equated to that calculated from a force balance considering viscous drag on the channel walls:
where ΔP is the pressure drop through a channel of length L, ρ l is the liquid density, ‫ݒ‬ is the bulk velocity of the flow in the channel, µ l is the liquid dynamic viscosity, and u is the local mean velocity tangential to the membrane.
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Imaginary sphere encompassing enough ions to form a stable nucleus Solving the above for the velocity gradient at the wall and assuming that, if the flow is turbulent, z min lies within the viscous sublayer, the local velocity profile is linear and the velocity at z min can be related to f d :
For the range of conditions experimentally tested in Sec. 4.3 for calcium sulfate, z min is on the scale of 100 nm, and thus is well within the viscous sublayer for typical flows in MD.
Solving for the residence time at z min and incorporating Equations (2) and (4) leads to an expression for the relevant residence time for crystal formation, ‫ݐ‬ ௦ * :
The relevant residence time for gypsum fouling, ‫ݐ‬ ௦ * , is on the order of 1000 times higher than the residence time of the bulk fluid, ‫/ݒ‬L.
The criterion for fouling is met if the induction time is less than the relevant residence time, or:
where φ is an experimental fitting parameter intended to account for approximations made in this model and the discrepancy between measured induction time and nucleation time.
To evaluate the fouling criterion, the friction factor, concentration, critical radius, and induction time are needed. Friction factor can be determined from the Reynolds number, Re Dh, evaluated at the hydraulic diameter, D h = 2h. For turbulent flows, the friction factor f d is calculated from the Colebrook-White correlation for smooth pipes, which extends to rectangular ducts [27] :
For fully developed laminar flow in the feed channel, the friction factor for flow between parallel plates is given by
The turbulent friction factor correlation used assumes hydrodynamically smooth walls, which requires that the surface roughness be substantially less than the viscous sublayer thickness [28] . Using the 1/7 th power law model for the turbulent flow profile [27] , the viscous sublayer thickness was calculated to be about 500 µm for the conditions of the experiments in this study. In comparison, the roughness of the MD membrane was of similar order to that of the pore size, about 0.2 µm [6] . According to the Haaland correlation, friction factor is unaffected by roughness when the ratio of roughness to diameter is much less than 21.1Re d 0.901 , which is the case for the range of Reynolds numbers considered here [27] . Nuclei are even smaller than the surface roughness, so they should also not impact the friction factor. Although subsequent crystal growth may influence the friction factor, the present model only addresses the onset of fouling, and modeling flow after fouling is outside the scope of this study.
The relevant residence time depends on the critical radius for nucleation. The critical radius r c is estimated assuming a spherical nucleus as a function of the volumetric Gibbs energy change ΔG V associated with crystallization and the surface energy γ of the crystal-solution interface via the nucleation equation:
Although the nucleus will not be truly spherical, the value for interfacial energy used here is based on a semi-empirical nucleation induction time expression that includes a geometric factor [25] which, although not specified, is assumed to be for spherical crystals as in a similar study [23] ).
To evaluate the change in bulk Gibbs energy, we note that the initial state of the participating ions and water molecules is supersaturated solution, while the final state is pure, hydrated crystal. The chemical potential of the salts is equal across the crystal-solution interface if the solution is saturated.
Therefore, assuming water activity approximately equal to one, ΔG V can be related to the saturation index (SI, defined in [29] ):
where R is the universal gas constant, T is the absolute temperature, a is the activity (of single ions or water, subscript w), and the subscript sat corresponds to saturation conditions. The critical radius, r c, is then estimated to be:
Induction Time
To complete the model, the induction time for crystallization as a function of temperature and concentration is needed. We use a correlation based on gypsum induction time data collected by Alimi and Gadri [30] for calcium sulfate nucleation in solutions mixed from calcium chloride and sodium sulfate (as in this work) with a quartz crystal microbalance. We assume that the actual nucleation period is linearly proportional to the measured induction time, which includes some time for undetected growth. The data used in the correlation span temperatures between 20-70 °C and saturation indices between 0.32-0.64. The fit is based on an empirical relationship recommended by
He et al. [23] for the dependence of nucleation time on saturation index (SI) at a given temperature:
The empirical constant c was found to be nearly a linear function of temperature and b was considered to be proportional to T -3 in accordance with the nucleation theory described in Ref. [23] , neglecting lower-order effects of temperature on growth rate. The following correlation was fit from the Alimi and Gadri data [25] for SI<0.6: Figure 3 shows that the correlation (Eq. (13)) fits the data well. 13)) of gypsum induction time data by Alimi and Gadri [25] .
Based on the model of residence time and the fit of induction time experimental data, regime maps can be produced by solving ‫ݐ‬ ௗ (ܶ, SI) = ߮ ‫ݐ‬ ௦ * (ܶ, SI, ‫,ܮ‬ ‫,ݒ‬ ℎ) for transition points between regions where fouling will and will not occur. The experiments described in the following section are used to validate this theory.
Values of parameters used in evaluating the model are given in Table 1 . 
Experimental Methods
Fouling tests were performed in a membrane distillation system ( Fig. 4 ) with controlled temperature, flow rate, and feed pressure. Calcium sulfate concentration, temperature, and flow rate were varied to validate the proposed framework for predicting the incidence of fouling in membrane distillation. The apparatus has been previously described, and further details are in references [2] and [6] . The system had a very thin permeate gap, similar to conditions in conductive gap MD [31] , a configuration that has higher energy efficiency and permeate flux than other MD configurations [32] .
Additional tests were conducted with a modified apparatus in air-gap configuration with a sapphire transparent condensing plate. The flux in these experiments was lower due to the low thermal conductivity of the sapphire plate contributing a significant thermal resistance [33] .
Conditions were chosen to represent real MD systems [6] . Reynolds numbers ranged from high laminar to low turbulent conditions, and permeate flux (5-40 kg/m 2 -hr), dimensions, and hot-side temperatures (40-70 °C) are comparable to those seen in real systems [8, 9, 10, 34, 35, 36] . Calcium sulfate, one of the two most common salts that foul in membrane distillation, was used as a model foulant under supersaturated conditions. To form supersaturated CaSO 4 solutions, two component salts, CaCl 2 and Na 2 SO 4 (ACS grade, Sigma-Aldrich), were dissolved fully and added one at a time (about 10 minutes apart) to allow for thorough mixing. Before adding foulant, the system was heated to its final temperature at the desired flow rate and pressure and allowed to run salt-free until a steady flux was reached (around 4-8 hours). Trials were run for up to 72 hours, but stopped after fouling was observed, as evidenced by flux decline >5% or by salt rejection dropping below 99% (presumably as a result of pore wetting). In the unfouled state, rejection exceeded 99.9%. The predicted induction time for nucleation is less than 72 hours for all but one of the tests (SI m =0.2, T m =50 °C). Several of the trials for which no fouling occurred were run even longer (up to 112 hours) to ensure that the 72 h time period was long enough, but none of the trials that were unfouled at 72 hours experienced fouling after longer run times. Some experiments were repeated to confirm repeatability. Water was filtered with a Pentair pleated cellulose filter with a 20 μm nominal pore size before being introduced to the module to avoid secondary nucleation from any pre-existing crystals. Care was taken to avoid bulk and surface nucleation outside of the module, as should be done in any supersaturated desalination system. No metal or other materials with high surface energy were exposed to the liquid.
The heater was enclosed in a thin plastic bag that minimized temperature gradients and prevented the feed fluid from touching the metal heater. Table 2 provides a summary of the system geometry and operating conditions. 
Modeling of Membrane Conditions
The experiments were paired with a one dimensional discretized numerical model for membrane distillation to calculate concentrations of various ions (Na + , Cl -, Ca 2+ , and SO 4 2-)and temperature near the membrane surface. These vary from bulk values due to heat and mass transfer resistance offered by the boundary layers . The modeling methodology has been described in detail previously [2, 6, 37] , and hence is only briefly discussed here. The membrane condition model has also been previously validated [37] . 
Results and Discussion
Fouling Conditions
Fouling was indicated by either flux decline or product salinity increase, both of which are standard methods of fouling detection [5] . Examples are given in Fig. 6 . Typically, large crystals ( Fig. 7) were observed in a few locations while most of the membrane remained unfouled. Nucleation of the crystals on the membrane itself is not favored due to the low surface energy of hydrophobic MD membranes. More hydrophilic surfaces, such as seen in RO membranes, will likely exhibit significant surface nucleation [19] , and thus crystals will be more common and more uniformly distributed [42] .
The extended (3-5 day) testing periods were important, as the effects of fouling take time to impact flux and permeate conductivity. For instance, a preliminary trial at 60°C and SI = 0.62 found no evidence fouling until the second day.
Locating the Most Fouling-Prone Region of the Module
When extending this model to real systems, which have spatially-varying flow rate, temperature, and salinity, the modeling should focus on the region most prone to fouling. We use the onedimensional heat and mass transfer model [37] (Fig. 5) to map residence and induction times and identify the most fouling-prone region.
For fouling of the main salts of concern, CaSO 4 and CaCO 3 , some conditions make fouling worse at the beginning of the module, while others may exacerbate fouling at the end. As the analysis in this section shows, the beginning of the module is likely to be the most fouling-prone in real MD systems.
At the entrance, temperature is highest, and fouling propensity increases at higher temperatures due to the inverse solubility for both salts [5] . In addition, concentration polarization is worse at this location due to the higher permeate flux [43] . However, at the end of the module, the bulk concentration is higher due to the finite water recovery. In reverse osmosis, this effect is the most significant, leading to more severe scaling at the end of the module due to the higher water recovery compared to MD, and lack of temperature variation [44] . mm, and feed velocity = 0.23 m/s [45, 46] . For this system, the bulk temperature at the entrance was 80 °C and dropped to 34 °C at the feed exit. The concentration of CaSO 4 in the feed inlet is 2.5 g/kg, and the overall system flux is 4.2 kg/m 2 -hr.
To help determine the module region of primary concern, the temperature, flow rate, and SI can be calculated throughout the module to find the induction time everywhere. Using calculated temperature and salinity profiles, the saturation index for CaSO 4 can be found at the membrane surface and in the bulk (Fig. 8) . The saturation index near the membrane surface is consistently higher than in the feed bulk due to concentration polarization, in spite of the temperature in the feed bulk being higher. The SI of gypsum drops along the module length. Because the induction time decreases at higher SI and higher temperature, the conditions near the entrance region are likely to cause the most rapid nucleation of crystals, as seen in Fig. 9 , where induction time is lowest at the entrance and increases rapidly along the length. [44] As seen in Fig. 9 , residence time increases almost linearly in space, whereas induction time increases more rapidly as the saturation index at the membrane drops along the length of the module. This plot does not consider the experimentally inferred factor φ, which would further reduce the effective residence time, and does not attempt to calculate the residence time at the inlet, where entrance effects are highly dependent on module design. For the conditions considered in Fig. 9 , residence time exceeds induction time for positions greater than approximately 0.1 m, and the ratio of residence time to induction time is maximized 1 m from the inlet. Residence time is higher than induction time only in the initial section of the module, where flux is highest, and therefore predicting fouling-free operation using the inlet conditions to predict induction time and outlet conditions to predict residence time is conservative. To be more precise, induction and residence times can be computed throughout the module to look for areas of overlap. 
Experimental Validation of Fouling Model
Experimental gypsum fouling results are reported in Figs. 10 and 11 to demonstrate agreement with the proposed theory and fit the correction factor φ. The fitting parameter that best matched all experimental data was φ=0.15. The overlap of the non-fouling trial at 66 °C and SI=0.43 with the theoretical threshold is not necessarily cause for concern, as the saturation index did tend to fall In Fig. 12 , all measurements taken during this study are combined with measurements made using a different MD module 2 [47, 48] to show the level of agreement between model predictions and measurements across varying temperatures, velocities, and channel dimensions. In addition to the data shown in Figs. 10 and 11, Fig. 12 includes an additional measurement at 40 °C and 27 cm/s flow rate. For each data point, the actual SI is plotted against the maximum SI without fouling that would be 2 In the experiments of Tow et al., the same membrane was used in a module of 8 cm length, 3 cm width, and 1 mm depth at a cross-flow velocity of 5 cm/s and a feed-side average membrane temperature of 58.5 °C. See [47, 48] for more information. Calcium sulfate solutions were filtered for 36 hours or until fouling (marked by 20% decline in flux) was apparent. 
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Theoretical CaSO 4 Fouling Regime Maps
The proposed methodology reduces the complex problem of scaling prediction to three primary variables (membrane SI and temperature, and the flow parameter L/f d ‫ݒ‬ 2 ) to allow for simple prediction of fouling in almost any MD system. Because the residence time is a function of SI, T, and the ratio L/fd ‫ݒ‬ 2 and the induction time is only a function of SI and T, the condition for fouling (t ind ≤ φt res *) can be plotted with only three variables ( Fig. 13 ) using φ=0.15. For ease of use, the same map was plotted in terms of CaSO 4 concentration in Fig. 14. The transition between laminar and turbulent flow that appears as a gap in Fig. 11 is captured by the Darcy friction factor, and thus there is no gap or discontinuity in the regime maps that follow.
The present theory can be extended across a range of operating conditions to create a universal regime map for scaling prediction, demonstrated here for CaSO 4 (Figs. 13 and 14 ). To use these maps, the CaSO 4 saturation index (with Fig. 13 ) or concentration (with Fig. 14) at the membrane must be 
Implications for MD System Design
In real systems, induction times may vary as a result of complex feed solutions including particulate matter, which may accelerate nucleation, or antiscalants, which aim to prevent nucleation.
To account for such variations, induction times can be experimentally tested using practices applied in antiscalant testing [50] to determine tolerable operating conditions.
The present study showed that the strongest predictor of fouling (other than scalant concentration) is feed velocity. Although the effect of spacers was not modeled, the demonstrated effect of residence time on fouling implies that spacer design can play a role in fouling prevention.
Spacers can also reduce the increase in SI between the bulk solution and the membrane region by reducing concentration polarization. On the other hand, poor spacer designs that create dead zones have the potential to intensify fouling through effects of both concentration polarization and residence time.
Finally, high surface energy surfaces such as metal walls or less hydrophobic membranes should be avoided because they may encourage surface nucleation where the solution is supersaturated. The ability of MD systems to operate above saturation relies on the long induction time due to the high energy barrier to bulk nucleation, and high-energy surfaces may provide favorable nucleation sites and reduce the concentration at which scaling occurs.
Conclusion
Theory was developed to predict the incidence of scaling in MD by deriving a relevant residence time and equating it to induction time. Crystal nucleation is predicted to occur in the bulk fluid near the membrane, where the highest concentrations and longest residence times occur. This approach to scaling prediction was validated against experimental results with calcium sulfate over a range of temperatures, saturation indices, and fluid velocities. 
Appendix A: Additional Modeling Results
To clarify the relationship between bulk and near-membrane fluid properties, the heat and mass transfer model is solved over a length of membrane to show lengthwise variation in temperature ( Fig.   15 ) and salinity ( Fig. 16 ). As seen in Fig. 15 , the temperature declines as it passes through the module. Temperature polarization, which causes the difference between bulk and near-membrane temperature, can be As seen in Fig. 16 , concentration in the feed channel increases as pure waterleaves through the membrane. On the other hand, near-membrane concentration is higher near the channel inlet where concentration polarization is maximum due to a much higher pure water flux.
Appendix B: Implications for Brine Recirculation
Brine recirculation (Fig. 17 ) is often used in MD concentration applications because singlestage MD systems typically have low recovery on the order of 5-10% [31, 51] . Secondary nucleation leads to rapid crystallization in MD, and systems that retain and recirculate the feed indefinitely (i.e., brine recirculation), cannot operate above saturation without inevitable scaling. However, multistage or batch systems that filter out crystals in between stages or cycles may reduce scaling by discouraging secondary nucleation. 
Bulk Membrane
In this study, concerns about the effect of recirculation on residence time were avoided by cleaning the system before the start of every trial, initiating data collection as soon as salts were added to the feed tank, filtering the feed before every pass, avoiding excessive temperature gradients in the feed tank, and using sufficiently high fluxes such that concentration polarization was significant and nucleation induction times were much shorter in the module than in the recirculation tank. 
